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ABSTRACT

The inviscid, linear, non-axisymmetric, temporal stability of the boundary layer associ-
ated with the supersonic flow past axisymmetric bodies (with particular emphasis on long
thin, straight circular cylinders), subject to heated or cooled wall conditions is investigated.
The eigenvalue problem is computed in some detail for a particular Mach number of 3.8,
revealing that the effect of curvature and the choice of wall conditions both have a significant
effect on the stability of the flow.

Both the asymptotic, large azimuthal wavenumber solution and the asymptotic, far down-
stream solution are obtained for the stability analysis and compared with numerical results.
Additionally, asymptotic analyses valid for large radii of curvature with cooled/heated wall
conditions, are presented. We find, in general, important differences exist between the wall
temperature conditions imposed in this paper and the adiabatic wall conditions considered

previously.
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§1. Introduction and Motivation

The recent resurgence of interest in high spced flight vchicles has
rekindled interest in supersonic and hypersonic flows. One important
area of acrodynamic study is that of boundary-layer stability and the
possible transition to turbulence. Since turbulent flows result in
considerably greater skin frictions and heat transfer coefficients than do
laminar flows, any method by which a boundary layer may be stabilized
is worthy of investigation.

Generally it is found in the case of supersonic boundary-layer flows
that inviscid disturbances are more important (i.e. more unstable) than
viscous disturbances. (Here, we characterise inviscid disturbances as being
those with wavelengths comparable to the boundary-layer thickness, whilst
viscous disturbances possess much longer wavelengths). This is in contrast
to the situation encountered for many incompressible boundary-layer flows
where viscous instabilities are generally dominant. The first authors
to give any form of rigorous mathematical account of the stability of
compressible boundary layers were Lees and Lin (1). Making use of
a rational asymptotic approximation they determined that the quantity

]
Q—* [ p* %%, ] (where u* denotes velocity tangential to the surface,

dy
y* the normal to the surface, and p* the fluid density) plays a key

role, similar to that the quantity 22u*/9y*2 has in incompressible
theory. In particular at the point where the above expression is zero
(y*=yi*), termed the generalised inflexion point, then there may exist a
neutral mode with wavespeed u*(yi*): neutral modes are classed as being
rsubsonic'', ''sonic'' or ''supersonic'’' depending on how the freestream
Mach number is rel?ted to the wavespeed (Mack (2)). [If the neutral
disturbance is subsonic then the mode decays in the far-field; supersonic,

neutral disturbance modes exhibit an oscillatory behaviour in the far-field;
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a sonic mode occurs at the crossover point bectween subsonic and supcrsonic
cases. Mathematically, these classifications are directly related to the
non-dimensional wavespced ¢ (defined in (2.10) below), and the

free-stream Mach number M_,. For subsonic disturbances we have

1 - é@ < ¢ < 1+ aﬂ ,

for sonic disturbances we have

¢ =1- ﬁw or ¢ = i+ M,

and for supersonic disturbances we have

c < 1- ! or ¢ > 1+ ] .
. V.

Arguments relating to generalised inflexion points have no implications
for supersonic neutral modes.

Lees (3) considered the effect that wall cooling has on the
stability of compressible boundary layers on the basis of asymptotic
theory. He predicated that with sufficient wall cooling the boundary
layer could be completely stabilized and presented a criterion whereby
the ratio of wall temperature to the recovery temperature at which the
critical Reynolds number becomes infinite, can be computed. Even though
Lee's original work contained numerical errors, subsequent authors
including Van Driest (4) and Dunn and Lin (5) showed that Lee's predictions
appeared to be correct.

Van Driest (4) calculated the cooling required to completely
stabilize the boundary layer on a flat plate at supersonic speeds with
zero pressure gradient. Whereas Lee's investigations were limited to low
supersonic flows, Van Driest predicated that complete stabilization was
achievable by wall cooling over a wide range of Mach numbers up to

hypersonic flow. He found, however, that for Mach numbers greater than 9,
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it is impossible to stabilize the boundary layer with any amount of
cooling when a Prandtl number of 0.75 and the Sutherland
viscosity-temperature law are assumed.

The above predictions of Lees (3) and Van Driest (4) were based
on the asymptotic theory of two-dimensional disturbances. Dunn and Lin
(5) extended this work to include three-dimensional disturbances and
they indicated that cooling was indeed an effective method by which the
boundary layer could be stabilized for moderate supersonic Mach numbers.
Based on their asymptotic analysis, Dunn and Lin, however (wrongly)
concluded that at supersonic free-stream Mach numbers the boundary layer
can never be completely stabilized by cooling with respect to all three-
dimensional disturbances.

However the above asymptotic work is found to have its limitations.
The theory aone indicates the possible existence of only subsonfc
generalised modes for cooled wall conditions. In a series of papers Mack
(2, 6, 7, 8, 9, 10, 11), using numerical techniques, demonstrated that
for compressible boundary layers there in actual fact exist a large
(probably infinite) number of unstable modes, including many with supersonic
neutral points, which may not be predicated by the above asymptotic work.
For the case of three-dimensional disturbances in Blasius-type boundary
layers, Mack showed that the so-called ''first mode'' of instability
undergoes stabilization with sufficient wall cooling, thus verifying the
above mentioned asymptotic analysis. However, Mack found in the case of the
"*second mode'' of instability (which turns out to be more important because
of the larger growth rates involved) cooling the wall actually destabilizes
this mode. According to recently presented numerical observations by Mack
(2, 10) oblique disturbances can be completely stabilized by wall cooling
for Mach numbers up to 5.8, although they do require a larger amount of

cooling than the corresponding two-dimensional disturbance terms.



-4

Recently, Duck (12), considering the effect of curvature on the
inviscid axisymmetric stability of a compressible boundary layer,
determined that it has a profoundly stabilizing effect. Considering
axisymmetric, inviscid disturbances in the supersonic boundary layer formed
on a thin straight circular cylinder with adiabatic wall conditions, he
determined that the effect of curvature is to completely stabilize the
"'first mode'' of inviscid instability at a comparatively short distance
down the axis of the cylinder and causes the ''second mode'' of instability
to undergo substantial maximum growth rate reductions at increasingly

further downstream locations along the cylinder axis. All the numerical

evidence though, is that for large distances downstream the '’'second mode’’
is still present, having a very small, but measurable growth rate. Duck
also observered that the inclusion of curvature terms causes the
generalised inflexion condition described above to be altered and he
derived a modified (or ''doubly generalised’’') inflexion condition,
involving the radius of curvature.

The work of Duck (12) was extended to include non-axisymmetric
disturbance terms by Duck and Shaw (13) (here-after refered to as DS)
and they applied their techniques to a different axisymmetric configuration,
namely that of a sharp cone. DS generalised the doubly generalised
inflexion condition further, to give a condition for the existence of so
called inviscid, neutral non-axisymmetric modes and termed it the
""triply generalised inflexion condition'’.

In this paper we consider the combined effects that curvature
and wall cooling (or heating) have on the gtability of the compressible
boundary layer associated with an axisymmetric body (principly a thin,
straight circular cylinder). We are interested in both axisymmetric and

non-axisymmetric, inviscid disturbances. The theory for the form of the
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boundary layer and the resultant disturbance equations has already becn
presented by Duck (12) and in DS, to which we refer the reader to for
details, but we shall begin this paper with a brief account of the relevant
equations to the present problem. It should be noted that although the work
in DS was for a sharp cone, the necessary equations for a circular cylinder
for this problem are easily obtained by setting the slope parameter, A

in DS to zero.

§2 Formulation of Problem

The general layout of the problem is shown in Figure I. The z*
axis lies along the cylinder axis, r* denotes the radial coordinate,
and 0 the azimuthal coordinate. We have a supersonic flow incident
normal on the end-face of the cylinder (which has radius a*). where
M, represents the free-stream Mach number, U: the free-stream velocity
(in the axial direction) and p:. u: and T: represents the free-stream

density, first coefficient of viscosity and temperature respectively. We

define the Reynolds number to be

* * *

Re = Je 3 Pe (2.1)

Hoo
and this will be assumed to be large throughout. Subscript « denotes

free-stream conditions.

For the resultant boundary layer formed on the cylinder we make the
following assumptions:-

Firstly following previous authors we shall assume an absence
of any shock wave in the basic flow. We feel justified in making this
assumption, as the chosen 'thinness’ of the boundary layer is such that the
shock wave will be sufficiently far away from the boundary layer to have
negligible effect. Secondly we shall assume the linear Chapman viscosity

law, where
p* =C T, (2.2)
and C is assumed to be constant. Since the flow is one of high
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Reynolds number, we make the steady boundary-layer approximation. A

fundamental component of this work is the inclusion of curvature terms

into the governfng equations. To achieve this we assume that the body

radius is generally of the same order as the boundary-layer thickness (a

similar approach was adopted by Seban and Bond (14), Duck and Bodonyi

(15), Duck (12) and in DS), except at the tip of the cylinder where we

shall assume the boundary layer has zero thickness (as assumed by Seban and

Bond (14)). The final assumption we shall make is that of a perfect gas.
Making use of the above mentioned assumptions, in DS, we obtained the

following system of non-dimensional, leading order equations for the basic

flow

FlR]ene(Rl0 e

dP

® -0 (2.4)
Iv3 vy _T o vy
V1 or tY3 3z r or [ rT or 1° (2.3)

Vi g% + V3 g; = Tz(y-l)Mi [ §¥3 ]2

+ I
r

FleTw] 2.6)
where U:(Re'1Cv1,v2.V3) represenf the velocity components in the
(r*=a*r, 8, z* = Re 2*C-1z) directions respectively, p*R*T*P
(where R* is the gas constant) and T:T represent the pressure and
temperalursitc;msrrespgctively.ry déndtes the ratio of specific heats
and ¢ = EE,EP is the Prandflinﬁhber. with K*"beiﬁg the coefficient of
heat édhdudtiJiiyﬁ in (2.3)F(2.6) the basic flow is assumed'independent of
8, and has no azimuthal velocity component (i.e. vy = 0).
The boundary conditions for the problem are
vi=v3=0 on r=l1,
vy 41, Tal as r o=, 2.7)

together with a wall temperature condition which for heated or cooled walls



has the form
T=Ty on r=l. (2.8)

The system of equations (2.3)-(2.6) was solved using a straight—
forward Crank-Nicolson scheme, as described in DS, subject to the boundary
conditions (2.7) and (2.8).

To study the stability of this basic flow, we now investigate the
effect of small amplitude disturbances. We shall assume that the
disturbance wavelength is gencrally comparable to the boundary-layer
thickness and therefore also of the body radius (O(a*)), in which case
the parallel flow approximation is completely vindicated.

At a fixed z-station we express the flow parameters of velocity,
pressure, temperature and density as the sum of a mean flow term plus a

small, first order disturbance term, for example,

*

*
SaU,, ¢(r) E + 0(82),

v =

v; = Unlwg(r) + & ¥3(NE] + 0(82),

T = T [To(r) + 8 T(r)E] + 0(82),

P* = poR*Th [1+8p(1)E] + 0(82), (2.9)
where

E = expl éﬁ (z-ct) + in 8], (2.10)

To(r) =T (r.z)

wo(r) = v3(r,z) (2.11)
and

C=2t,n= (-0, 2= 240" (2.12)

and & is the perturbation parameter and as such is assumed to be
diminishingly small.

In this paper we focus our attention on temporal stability for which
the growth rate is ac;, where a represents the spatial wavenumber
and c; is the imaginary part of the wavespeed. If c; >0 we then

have growing disturbances, if cj =0 the disturbance is neutral and if



€Ci <0 the disturbance dccays.

Substitution of the flow parameters into the full system of equations

of continuity, momenta, energy and state, discarding 0(82) terms and
all but the largest terms in Re, we obtain a sixth order system, which

after some algebra (as described in DS) can be reduced to the following

system
. 2 _ ~
1a7(¥p-¢) o - . Pn__ (2.13)
To M2
—P_ o = (wp-c)y - [Woy - LH0Dyq, (2.14)
™2, 1+n{
where
22
6=To (1+—25" ] . wlwp-o)2. (2.15)
a2 (1+n§)2

The boundary conditions are

9=pp=0 on n=0, (2.16)
and
9 ~ 9 Kn(M)
as M + =, (2.17)
B ~ PuKn(n)
where
N = £ af1-M3(1-¢)2)4 (é + ). (2.18)

It should be noted that the argument of the modified Bessel function
(i.e. appropriate sign in (2.18)) Kn(ﬁ) is chosen to ensure boundedness
in the farfield.

The system of equations (2.13), (2.14) was solved using a Runge—
Kutta scheme for the eigenvalue ¢, as described in DS, subject to the

bouhdary conditions (2.16), (2.17).
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§3 Numerical Results
Most of this section will be devoted to the effect of wall-cooling
on the stability of compressible boundary layers and its interaction with
curvature, as these conditions are likely to be of interest in important
applications. However, at the end of the scction we shall give some heated
wall results which exhibit some additional interesting physical features.
As in DS we shall make one choice of Prandtl number (0=0.72),

Mach number (M.=3.8) and ratio of specific heats (y=1.4).

3.1. Cooled Wall Results

We begin by considering the effect that wall cooling has on the
inflexion points. In DS a condition was derived for the existence of
inviscid, neutral, non-axisymmetric modes in the boundary layer on an
axisymmetric body, which was termed the ''triply generalised inflexion
condition''. However this condition does involve the azimuthal and
streamwise wavenumbers o and n, and so it is difficult to forecast,
prior to any numerical investigation, the existence of neutral stability
points of this kind. However in the case of axisymmetric disturbances,

this is no longer the case, since the condition reduces to

d Wor(r) 1 - ¢ (3.1)

as determined by Duck (12).

Figure 2a shows the axial variation of radial position of the
generalised inflexion points for the temperatures shown. As in the
insulated cylinder case (12), the graphs display two prominent features:
(i) the inflexion points occur in pairs and (ii) there exists a
critical value of ., downstream of which no such points exist. The point
{ =0 corresponds to the tip of the cylinder and as such corresponds to
the planar case as studied by Mack (2). we find that as the surface

of the cylinder is cooled, the lower inflexion point lifts up off the
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cylinder surface. For sufficient cooling the lower point coalesces with

the upper inflexion point and further cooling results in the complete
disappearance of the inflcxion points. Therefore for a given {-station
there exists a critical wall temperature below which no inflexion points
exist. In light of our earlier comments, we do have an additional condition

for the existence of ncutral subsonic disturbances, namely that

1 1
1 - Meo< c<l1l+ . (3.2)

This has direct implications on the first mode of instability as this
generally requires the presence of an inflexion point in the profile
satisfying (3.2).

Figure 2b shows the axial variation of wo(n;) for the displayed
wall temperatures. From slgbilily theory, unstable subsonic modes only
exist if a gencralised inflexion point satisfying (3.2) occurs somewhere
in the boundary layer. Examination of the curve for Ty = 3.0 reveals that
subsonic generalised infléxion'points only occur for 0 £ { < 0.0795;
consequen;ly the mode has completely disappeared before the generalised
inflexion pointé have merged. For a wall témperature of Ty =2.0 the
generalised inflexion points are all now supersonic in nature (c < 1 - é”)'
implying for this and all cooler wall temperatures the eradication of Mode I
instabilities.

We now turn our attention to the eigenvalue problem for both
axisymmetric and non-axisymmetric disturbances. We shall present only
results for unstable modes and all plots are for ci (where ¢ =c, + icj).

The first set of results we present corresponds to the tip of the cylinder

Vénd as such are comparable to the planar results as obtained by Mack (2, 10,

11). Figure 2c displays distributions for the first mode of
instability. We observe that all the modes originate as sonic (i.e. with
c=1 - é:) neutral modes and terminate as subsonic, generalised

inflexional modes. We note that as we cool the surface of the cylinder
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this mode undergoes stabilization, until, with sufficient cooling it becomes
completely stable, thus verifying Mack's observations (and those of Lees
(3), Van Driest (4) and Dunn and Lin (5)). From our inflexion point
results, this is to be expected, as we observed that for cool enough

wall conditions, wp(nj) drops below 1 - é@ and we no longer have the
necessary conditions for a subsonic generalised inflexional mode.

Figure 2d shows the second mode of instability at the tip of the
cylinder. All the modes originate as subsonic generalised inflexional
modes with the special case c( = ¢, = wg(1j)) = 1, which therefore
corresponds to a generalised inflexion point in the freestream, and
terminate as neutral modes. Depending on whether or not a subsonic
generalised inflexional mode for the given wall conditions exists, this
neutral mode is either subsonic inflexional or supersonic, in nature,
and the mode may continue as a decaying mode (cij<0). Examination of our
results reveals that as we cool the cylinder surface, the maximum value
of c; increases slightly and then decreases but the important product
acj, actually increases with wall cooling. Thus we deduce that wall
cooling destabilises the second mode of instability, in line with Mack's
(2, 10, 11) observations.

The next set of results we present corresponds to a relatively small
distance from the tip along the cylinder in the axial direction, at the
location { = 0.05, and for an axisymmetric mode (ie, n=0). Figure 2e
displays the Mode I distributions and we note that with sufficient cooling,
it is again possible to completely stabilize this mode. We observe that the
neutral mode at which this instability originates now occurs for a
slightly greater than zero and it is very slightly supersonic in nature.
When compared with the corresponding planar results we note that curvature
(as noted by Duck (12) and DS) has a profoundly stabilizing effect. Even

though this station is only a relatively short distance along the cylinder
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from the tip, curvature has reduced the value of maximum c; .for the

Ty = 3.0 curve by a factor of 4, while for the T, = 2.8 curve this
factor is almost 5. Curvature results in the mode requiring less cooling
to completely stabilize it. Figure 2f displays the axisymmetric mode Il
instability at this axial location. Again we note that curvature has had a
stabilizing effect on the instability, but cooling causes the mode to become
more unstable, in line with the planar results described previously.

The next set of results we present corresponds to the {§=0.05 location,
for azimuthal wavenumber n=1. Figures 2g, 2h display the mode I and I!I
instabilities, respectively. We observe that in this case the mode I
instability is substantially more unstable than the axisymmetric case. We
find again, however, with sufficient cooling we can completely stabilize
this mode, although the mode does persist for cooler wall conditions. The
mode 11 instability has the same qualitafive features as the axisymmétric
case, although it is slightly more stable than the axisymmetric case.

In DS it was noted that near the cone tip, for non-axisymmetric
distﬁrbance terms, a third mode of instability is seen to develop. This new
mode originates as a neutral mode at oa=0, with c;#0, terminates as a
supersonic neutral mode and was termed in DS, mode IA. As has already
been noted, the work of DS was for a cone with adiabatic wall conditions
and it was found that this new mode had already amalgamated with mode I
instability at the {§=0.05 location for n=1. We find however that for a
cooled cylinder at this axial location and n=1, the mode IA instability
is still distinct (Figure 2i) ovér the range of T, shown; a possible
partial explanation is provided in Section 6. We observe that wall cooling
rcauses mode 1AA instability to becdmc less unstable and‘with sufficient
wall cooling we can completely stabilize it. Comparing with the mode I
instability we note that the maximum value of c; for the mode IA

instability is an order of magnitude larger, but due to the smallness of a,
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the mode I growth rates are generally larger. One further observation,
though, is that mode IA instability pcrsists for cooler wall temperatures
than does the mode I instability.

We now consider the situation for an azimuthal wavenumber of n=3, at
this axial location. We observe that for this case the mode I and IA
instabilities have now amalgamated. The new combined mode originates as a
neutral mode (but with c;20 for a=0) and terminates as a subsonic
generalised inflexional mode (Figure 2j). Again we note that sufficient
wall cooling can completely stabilize this mode, although it is found that
this mode persists for cooler wall temperatures as n increases. Comparing
with the n=1 results we find that the increase in n has also caused the
mode to become slightly less unstable. The mode II instability (Figure
2k), again, has the same qualitative features, but has also undergone
stabilization with the increase in n. However, it is found that cooling
has the more dominant destabilizing effect here.

The next set of results we present correspond to an azimuthal wavenumber
of n=5, at this axial location. We observe the same qualitative features
as the n=3 results for both modes (Figures 21, 2m), although we note that
we have had a more significant stabilizing effect due to the increase in n.
The mode I instability is now completely stabilized for higher wall
temperatures, while again, it is observed that cooling causes an even more
marked destabilizing effect for the mode II instability.

We find that as the azimuthal wavenumber n is further increased, both
the mode 1 and II instabilities undergo additional s;abilization.
although cooling maintains a destabilizing effect on Mode II. For large
n it is found that Mode I instability is completely stabilized while the
mode II instability persists, but with much diminished growth rates. In
the next section we shall consider the asymptotic structure of the

disturbance equations in this limit.
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The final set of results we shall present in this sub-scction corresponds
to the axial location (=0.5 and for an azimuthal wavenumbcr of n=1. We
find that at this distance along the cylinder the mode [ and IA
instabilities have now combined (Figure 2n). Comparison with the n=I
results at the (=0.05 location, we note that growth rates have been
reduced due to the stabilizing effect of curvature. It is found, however,
that the combined mode prevails for cooler wail conditions, but again is
completely stabilized with sufficient wall cooling. Figure 20 displays the
mode Il instability. Curvature has resulted in the growth rates being
reduced, but we observe that cooling has a more profound destabilizing
effect here.

As we move further along the cylinder in the axial direction, the mode
I and Il instabilities undergo further growth-rate reductions. For a
given wall temperature, T, azimuthal wavenumber n, axial wavenumber «a,
there exists a critical value of {, beyond which no triply generalised
inflexion points (see DS for details) occur. Consequently, we expect the
mode I instability to have disappeared for axial distances larger than
this critical ¢, which is bourne out by our numerical results. It is
found however that due to the special nature of the inflexional point within
the freestream, thermode I1 instability ﬁlill originates with c¢=1, even
for axial distances greater than this critical {, although the mode has
much reduced growth rates. In the light of this, in Section 5 we shall

consider the form of the disturbance equations in the limit of large (.

3.2 Heated Wall Results
We begin by considering the effect that wall heating has on the
inflexion points, We restrict our study to the case of axisymmetric

disturbances, and consider the effect wall heating has on condition (3.1).
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Figure 3a shows the axial variation of (radial) position of the
gencralised inflexion points for the temperatures shown. We observe again
{he features scen in Figure 2a. Close to the cylinder tip, however, we find
that for a small axial distance measured from the tip, we no longer have any
lower inflexional points. As we heat the surface of the cylinder further,
this axial distance is found to increase. It is also observed that wall
heating causes the critical value of §. beyond which no inflexional points
exist, to increase. For T,=4.5, the critical value of § s about
0.216, while for T,=6.0, we have had a substantial increase to a value of
{ = 0.423. This will have direct implications on the first mode of
instability which we expect 10 persist for larger axial distances as the
wall is heated. These effects are in many ways (o be expected, being the
converse of the cooling observations described carlier.

Figure 3b shows the axial variation of wq(n;) for the displayed wall
temperatures. The most marked featurc of these curves is that as we heat
the cylinder surface, the lower inflexional point becomes subsonic past a
critical value of ({, which is tempcrature dependent, i.e. for axial
distances greater than this critical value of { but upstream of the station
beyond which no inflexional points occur, both generalised inflexional
points are now subsonic in nature. The first wall temperature for which we
observe a lower, subsonic inflexional point is for a wall temperature of
about Ty=4.5. It is found, however, that the critical value of § here, is
very close to the stations whgre the generalised inflexional points coalesce,
For Tu=5.0 we observe that for the range 0.2635 < { < 0.2720 we have two
subsonic inflexional modes, while for the hotter wall temperature of Ty=6.0

we have the larger range 0.363 < { < 0.423 for which both generalised
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inflexional points arc subsonic. In these {-ranges we expect the appearance
of two subsonic gencralised inflexional modes to have a significant effect
on the physics of the problem.

We now present eigenvalue results for axisymmetric disturbances only.
As in the case of cooled wall conditions we focus attention on unstable
modes. We begin by considering the effect wall heating has on the
mode I and Il instabilities for a {-station close to the cylinder tip
(£=0.05) and consequently the lower inflexional point is still supersonic
in nature. Figure 3c shows the mode [ instability for the temperatures
shown. We observe that all the modes originate as neutral modes at a value
of o slightly greater than zero, and are very slightly supersonic in
nature. We find as we heat the wall this neutral mode tends towards the
sonic value. All the modes terminate as subsonic generalised inflexional
modes, continuing on as stable modes (cy<0) for larger values of a.

These observations are similar to the results obtained for the axisymmetric

cooled wall case for this {-station. We find, as we would expect, heating
the surface of the cylinder causes the mode I instability to become more
unstable - converse to the effect of cooling on this mode.

Figure 3d displays the mode 1II instabilities for the §=0.05 station,
at the temperatures shown. We fihd all the modes originate as subsonic
generalised inflexional modes, rise to a maximum and terminate as subsonic
éénéréligeﬁ'inf]exional modes (which then continue in all the cases
presented as stable modes). Heating the cylinder wall causes the mode 11
instability to become less unstable and the numerical evidence suggests that
with sufficient heating we can compietély'stabilize this mode.

We ncw consider the effect that the lower inflexional point becoming

subsonic has on the mode I and II instabilities. Figure 3e displays

the mode I instability for a wall temperature of Ty=5.0 and for the
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{-stations as marked. For the {=0.26 station (where thc lower inflexional
point is still supcrsonic) the mode originates as a very slightly supersonic
mode and terminates as a subsonic gencraliscd inflexional mode. For the
{=0.264 station the lower inflexional point has now become subsonic in
nature,‘and we find the mode I instability now originates as this lower
subsonic generalised inflexional mode. Consequently the value of a for
the neutral mode has increased correspondingly. As before, the mode I
instability terminates as the upper generalised inflexional mode which is of
course subsonic, as well. From the inflexional point curves we know that as
we move upstream the inflexional points move closer together, eventually
coalescing and this is reflected in the new form of the mode 1
instabilities. For the §=0.27 station the mode I instability occurs
over a much smaller a-range and the growth rates are greatly reduced.

Figure 3f displays the mode I instability for a wall temperature of
T4=6.0 and the displayed {-stations. Again we note that as the lower
inflexional point becomes subsonic the neutral point at which the
instability originates transforms from being very slightly supersonic in
nature, to this inflexional mode. Movement upstream Causcs the o-ranges
and érowth rates to be diminished, but the reduction is less marked (in
comparison with the Ty=5.0 results) due to the destabilizing effect
brought on by wall heating.

The appearance of a second subsonic generalised inflexional mode is
found to have no effect on the mode Il instability as it always terminates
as the upper generalised inflexional mode. It is found, however, that a
third mode of instability exists, originating as the lower generalised
inflexional mode and terminating as a slightly supersonic neutral mode.

This new mode, which we shall term Mode IIA, occurs for values of «

greater than the value of a for which the mode Il instability terminates.

It appears that the mode Il instability continues as a stable mode and
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then becomes unstable again at the lower generalised inflexional point.
The growth rates of the mode IIA are found to be very small. For a wall
temperature of Ty=5.0 and the station {=0.27 the growth rates are in the
order 10-11, while for Ty=6.0 and {(=0.364 the growth rates are of the
order of 10-13 — 10-14,

We now move on to consider the form of the disturbance equations in

the limit of large azimuthal wavenumbers.

§4. Disturbance Equations for Large n

In this section we consider the form of the disturbance equations in the

asymptotic limit of large n, guided by our numerical results.

4.1 Formulation of the Problem

Consider the pressure disturbance equation as derived in DS

_Qéi d [ Tg Pp 1+ (vg-c)§ _ wom] _;Q_En__ = 0P, (4.1)

wQ-C ]+T]C a“(wg-c)
where
o 2 2 2
¢ = TO [ 1 + p—%ﬁ-] - M“° (WO-C)Z. (4.2)

In the limit ofrlarge n our numerics suggest that the corresponding
streamwise wavenumbers for the instability also increase, and that

®(n=0) — 0. Equation (4.2) suggests we must have

o=@, as=0(1). B (4.3)

A (sensible) bélancing of terms in equation (4.1) suggests asymptotic

expansions of the form

2/3

c=cg+n cl + o(n 43

Y+ ...,

2/3 4/3

=0 +n "0 +0n %)+ ... (4.4)

I T ) —————————————
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The leading order pressure cquation has the form

ol 4
P =15 % P = 0. (4.5)
where
(2 2 2
o0 =T 1 + 2 | - M™ (wp-cp)-. (4.6)

This has a solution of the (bounded) WKB type (assuming

Im((-®g)t} >0

P=_§g-f-{i.r%;jn[_®o]*dn}. 4.7)

We can re-write the expansion for ® in the ncighbourhood of n = 0 as

/3

o = 0(0) +n"2/3 [0y (@) T+ 0, (©]+0m, (4.8)
where
000 =Ty [ 1+ 23] - ¥ c2 (4.9)
0@ =Tw L1+ 51" % |
o 2
1(0) = ~2¢cqg cy Mw, (4.10)
and for insulated wall conditions
' 28T 2
¢0(0) = - ——_57—! + 2 M wO(O) cQ. (4.11)
while for heated or cooled wall conditions we have
9,(0) =T (0)[1+5.§]..__2_ﬂzc3'r 2 M W (0) ¢ (4.12)
0 on a a w 0 0’ )
where T, represents the wall temperature.
If &g(0) =0, then we must have
. 2 4%
Ti[1+§]
cg = — M”Ez (4.13)

(which is clearly real). We now seek to determine the first order
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correction term to ¢, namely €cy. For this we must study the wall layer,
which by a balancing of terms of (4.2) suggests is given by

= -2
Nn=7n /3-

n = 0(1). (4.14)
The (bounded) solution for P in the wall layer is given by

P = Py Ai (7). (4.15)

where Pg is a constant and @ is given by

~ %2 /3
r|={——1-——-—2} [ (O + ¢,(0) ]. (4.16)
Ty [0,(0)]

The boundary condition at the wall is

Pn ln=0 =0, (4.17)
which we transform to 7-space, giving the equation
-1/3 =
P~ [ X =B ] =0, 4.18
7 [ n=B] | (4.18)
where
62
X=~ﬁ B = ¢,(0). (4.19)

Ty[0y(0]°

Now since the solution in this region to the pressure is given by Airy's

function (4.15) we have that

A [a=8x137=0. (4.20)

Transforming back to mn-space we have the result

=2 1/3
Yn = — [—‘1’1(0)]. (4.21)
Ty [05(0)]

where Yy, (where n =1,2,...) represent the solutions of the equation

Ai'(- ) = 0. (4.22)
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Substituting cither (4.11) or (4.12) and cquation (4.10) into cquation
(4.21) yiclds the first order corrcction term for ¢y namcly
’ T 3 2
1/3 [ » 2. oo Ny g- 2/3
T { N G ] }

€y = 773 L= Yn. (4.23)
Y ot “; CO

for insulated walls, whilst for heated/cooled wiall conditions we have

5 1. 03 . 2 . 42/3
_Tw1/3 { 2 ML wo(0) ¢ - -15%— ]+ Ty [T+ 2] }

cy = a Yn. (4.24)

2 ¢2/3 Mi ¢,

where ¢ s rcal for both cuascs.

Since yn is a solution ol cquation (4.22). where  yp > 0, then we
have an infinitc numbcr of discrete. real possible values for yp as the
derivative of the Airy function has an infinite number of discrete roots,
confined to the ncgative rcal axis. This suggests that thcre arc an
infinite number of modcs.

We shall now comparc these results with numerically detcrmined results

for large values of n.

4.2 Numerical Results

All the results presented in this scction arc for a freestream Mach
number of 3.8 and at thc point § = 0.2 along the cylinder. We only
present results for adiabatic wall conditions.

Firstly let us consider the asymptotic cxpansion for ¢ in the limit
of large n. The lcading ordcr term in the ¢ cxpansion cg., is given by

equation (4.13) and using the numerically detcrmincd values

Ty = 3.379,
(4.25)

o= 0.1525,
we have

co = 0.7978. (4.26)
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The first order correction term, which for adiabatic wall conditions

is given by equation (4.23), is computed to have the value

cp = 0.3698 y,. (4.27)

it

where we have used w0n(0) 0.1904 and vy, are the zeros of the
derivative of the Airy function. The first six possible values of 7y, are
determined from tables (Abramowitz & Stegun (16)) and the corresponding

values of ¢y are shown in table I

c
0.3698 (1)
1.2092 (11)
1.7750 (I11)
2.5146 (1V)
2.9214 )
3.3282 V1)

TABLE I: VALUES OF ¢

2/3 c1). as determined

Figure 4a shows a plot of c¢( =cg+ n’
asymptotically, égainst n for the different values of the first order
correction term cj, where the numbering refers to the numbering of the
correction terms in Table I. (It should be noted that only n integer has
physical significance, although Fig;. 4a and 4b show ¢ as a continuous
function of n.) From hereon we shall refer to the different values of
c as order I to VI inclusively corresponding to the numbering convention of
the correction termé in Table I.

Now as observed above,rour asymptotic analysiﬁ ;ﬁggests the existence
of an infinite. Qiécrete number of possible'valués for c¢. When we searched
for the eigenvaiues numerically, for large n, we determined that there
were indeed many modes. Figure 4b displays two plots of ¢r against n

for order T and order V correction terms. Graph (1) in each case represents
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the asymptotic curve and graph (2) is the numerically determined curve. [t
should be noted that in this range of n and a, tcji <<l
(cy ~ 10-10 _ 10-12y, comparable to thc machine accuracy of our
computations. From our two sets of plots we notc that we have good
agreement between the numerical solutions and asymptotic theory for large
n.

Turning our attention now to the form of the pressure disturbance terms,
as obtained numerically, we find that they do indeed follow the pattern
predicated by our asymptotic theory, being initially oscillatory in the
Airy solution region and then decaying to zero in the far field. Tt is
also observed that increasing the order of the correction term has the
effect of increasing the number of zeros of the eigensolution. Figure 4c
displays the distributions of Real (P} for n =40 corresponding to
the orders as shown.

Examining the ¢ expansion again, we have determined that both ¢
and c; are real and therefore the leading order imaginary term, Cj,

'4/3). This means that the leading order term in the growth

-1/3

is at most O(n
rate (a cj) is O(n ) at most. Therefore actual growth rates will
decrease as n — = which is confirmed to be true by our numerical
observations.

We now turn our attention to the form of the disturbance equations in

the limit § — .

§5 Disturbance Equations for Large {

In this section we consider the form of the disturbance equations in

the far downstream region, guided by our numerical observations.

5.1 Formulation of the Problem
Consider the pressure disturbance equation, as presented in the previous

section, but written in terms of r rather than 'n’',
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: _ 2
e g? [ TPy g2y M€~ wo, ] To Pr &% _ op, (5.1)

wg-C as (wg-c)
where
22 2
o =T 1 + 0 - M (wp-c)2, 5.2
o [T+ 323]-M (o (5.2)
and
r=14+1n¢. (5.3)

In the limit { — =, we assume a scale of a of the form

a=a g, (5.4)

where & is to be detcrmined.
Guided by Ddbk'éi(li)'hork for the form of the basic flow in the
farfield we define the (small) parameter

e = (4 log 2)-1 = (log §)-1. (5.5)

In the slow moving viscous region close to the wall (namely the r=0(1)

lengthscale) we expect asymptotic expansions of the form

80 + € él + 0(62).

¢ =
0 =00+ e b +0(e2),
To =Ty + € Ty + 0(e?),
wp = € Wg + 0(e2). (5.6)

Now, our numerical observations strongly suggest that % — 0 as ¢
becomes large in the r = 0(1) region (which may be confirmed a posteriori)
which means that & = O(e¢). Examination of the ® expression reveals that

this is only possible in general if

T = 0(et). - (5.7)

Therefore we can redefine the scale (5.4) to have the form

=3¢ (log O, (5.8)




-25-

where
a=0(1).

To leading order, equation (5.2) reduces to

%9 = Ty - M cp. (5.9)

but in view of our comments above that ®&g — 0, as { — =, for r = 0(l),

then we have
cO:Eﬁ , (5.10)

which means c¢qg is real.

At the first order in e equation (5.2) has the form
- 2T 2 - -
o =Ty + 2 —M“ (2 ¢cqcy -2 cg W) (5.11)
=T+ 3-M 2coc 0 %0

while the O0(e) correction to the pressure equation (5.2) is given by

T T =2 - n2T
P P 2co M - -T - P=0.(5.12
E¥ rr t a&; r+ [2coM (cq -w) -T az—fz ] (5.12)

We now transform equation (5.12) using the same transformation as

applied by Duck (12) for the basic flow. Firstly we employ the transform

T = Inr, (5.13)
giving
- - - 2
E& e2T P+ [2co Mz (cq - wg) =Ty - E_E;! e-2F ] P = 0. (5.14)
Secondly we use the transform

7
K= | d? (5.15)

but since Ty is constant with respect to F we can simplify (5.15) to
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r=RT,. (5.16)

where we take the constant of integration to be zero. Equation (5.14) can

be re-written

YT 2RT 2 .2
PRR+{ asz[Zcon(C]—E)—Tl]e ¥ _n Tw}on' (5.17)

where we have made use of the rcsult obtained by Duck (12) for the basic
[low

W = R. (5.18)

-

Equation (5.17) is solved numerically to obtain a value for cq subject to

the condition at the wall

P = 0, (5.19)
Rir-0

and that P is bounded in the far-field. The second condition is obtaihed

by taking R — = limit of (5.17), i.e.
Pes — p2 K 2R Tw p - g, (5.20)
N RR T L

where 2 =2 co M2 o Ty (5.21)

We find, to leading order, this equation has a decaying solution of the

form

$

P-~pd R exp - i v T, T (5.22)

5.2 Numerical Results
All the results presented in this section Cdrrespond to a free-stream

Mach number of 3.8, and azimuthal wavenumber n=I.




-27-

From our numcrical obscrvations we obtain a valuc for thc lcading order

term in the ¢ expansion (5.6) of thc form

~

cg = 0.4617922. (5.23)

Using a fourth order Runge-Kutta scheme cquation, (5.17) was solved

subject to conditions (5.19) and (5.22) to dctermine the cigenvalues cyp. We

find that for a given value of @& thcre appcars to be a large number of

~ -

discrete, real values for cy. Figure 5a displays a plot of ¢y against
& corresponding to the first five modes, as shown.

As observed above, our asymptotic analysis implies the existence of
a large number of discrete possible values for ;I- which in turn implies
the existence of a large number of discrete values for cp. When we
searched for the eigenvalues by solving the full system of equations
numcrically, for large §, we determined that there were indecd many modes
and we managed to identify the first five modes. Figure Sb displays a
comparison between the asymptotically determined value of c, and the
numerically determined value of ¢ against { corresponding to the first
mode. We have relatively good agreement, since the error term in the
asymptotic theory is 0(e2), which is quite large. Therefore the numerical
results seem to confirm our asymptotic theory.

The asymptotic theory presented above tells us nothing about c¢; and
consequently reveals no information about the growth rate acj; such an
investigation would require a prohibitive amount of algebra.

We now move on to consider the form of the disturbance equations in the

limit of small (large) { for cooled/heated wall conditions on a cone.
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§6 Disturbance Equations for small {

In this section we consider the effect wall heating/cooling has on the
asymptotic theory developed by DS for the limit { — 0 (and also with
some simple modification the limit { — « in the case of a cone) for the
description of mode IA. 1t should be noted that the analysis in this
section is al;o applicable for a cone, the circular cylinder case being
retrieved when- A =0. We find that when we impose heated/cooled wall
conditions, instead of adiabatic conditions as treated by DS, the asymptotic
theory is rather different. Here we consider the case of a — 0, { — O,
In DS it was shown that the disturbance cquation for ¢ in the limit

¢ — 0 (assuming n # 0) reduces to

. 2 2
g { I 00 A - I+ M2+ ) g+ L) - Tl e B2 2 D% o

—Td— (WO'C). (6])

In the limit § — 0, we assume expansions for the m = 0(1) scale of

the form
c =T+ 42y + 4383+ ..., (6.2)
9 = 9o(m + Lor(n) + L2oa(m) + o) + ... , (6.3)
wo = woo(n) + Gwor(m) + L2woa(m) + Cdwoa(m) + ..., (6.45
To = Too(M) + § Tor(m) + §2Tga(n) + E3Tgz(m) + ... ,  (6.5)

where wgo(n) andf Tob(n) fepresenf the planar values of the velocity and
t;ﬁbé}ﬁtdférp}6filés ré§pectivéi}. and Wox(ﬂ5 aﬁdierl(n) etc. correspond
to the beffhfb;f?éﬁs to the basiéifié; ééd&ed through cﬁrvaturc. A more
complete expansion for ¢@ 1is given in DS.

To leading order, we have for 1 = 0(1) that

90 = Ag woo(Mm), (6.6)
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where Ag represents an arbitrary amplitude parameter.

At the next order in { we obtain the equation for @y

2

%00 91n — Ao “oom ©1 + Ap ¥00° — %0On 91

(6.7)
+ Ag w1 Yoon — Ao Yo1n %00 = ki Too -

where we have used equation (6.6) and k| 1is a constant. Setting n =20

in equation (6.7) and assuming ¢‘|ﬂ=0 = 0 we have

- Ag Cy woon (N=0) = k1 Too (n=0). (6.8)
The boundary conditions as mn —s =, must be compatible with the form
of system (6.1) in the far-field (as presented in DS), together with (6.6).
Defining

T=1+7¢=0(),. (6.9)

then we must have an outer solution of the form

ot = Ar ™l (6.10)
where

A=Ag+ LA+ ..., (6.11)
and so we must also have

Nl — w = 90" |;oy = -(m+DAg. (6.12)

Substituting this into (6.7) yields

_ _nTgg (n=0)
C1 = W.‘%O-(n—_:o'r . (613)

In order to obtain complex values of ¢ in our asymptotic analysis we
must consider higher orders in {.

At the next order of { we have the system
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%00 ®2n + 2A %o Pon + 21 ¥oo P1q + %02 on

- wp2n 90 + %1 91n + N% %op Pon — 1 9in

+

2 w01 N ®on + %01 90 — ¥0In 91 — 21 %Qin 90
- 20 € @on — €2 Pon * %00 91 + N ¥oo 90
— €1 90 — %0oon 92 — 2X ¥oon ®0 — 2N @1 %oom
1
2 - 2 90 ¥
-né w =ky Top + n¢ T d
oom %0 = k2 Too 00 ]0 o 20 an
+ ky To1- (6.14)

We now determine the leading order imaginary component of the complex
wavespeed c¢. Since (6.14) contains only real coefficients, any
imaginaries must, of necessity, only arise at a critical point, where

c =wpg- Since c¢ = 0({), this must occur when 1 = 0({). We therefore

consider a thin layer relative to the 7m = 0(1) scale, namely

y =n/§ = 0(1). (6.15)
On this scale, the expansion for ¢ is expected to develop as
=0T MH+2FH H+3FH @+ ..., (6.16)

where the ®; are expected to be normalised in such a way as to be
generally O0(1) quantities.

The leading order equation has the form

B = Ag ¥ woon (1 = 0) ' (6.17)

(where Ag was introduced in equation (6.6)).

At the next order in { we obtain the system

[WOOﬁ(O) 7 - Ei] Ely - E] WOOH(O) = ﬁ]

+ 1 ¥2 wooqn(0) Ag wooq(0) - 5ﬂ—§36%8§n$91 Toon(0) ¥, (6.18)

where El is a constant term. This system cannot be simplified any

further, as in DS, since the condition Yoonn (n=0) = 0, no longer holds
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in the present (i.e. heated/cooled wall) casc.

As in DS, we assume Ag and ki to be rcal quantitics, as wc arc
at liberty to do so, and now consider 6; (where i denotes an imaginary
component). This quantity is triggered by the +irn jump in thec logarithm

across the critical layer. We can re-write (6.18) in the form

[ %oon(® ¥ - €1 ] B1g = 1 woon(0) = R, (6.19)
where
- Ag © 0 ]
R = Ky + ¢ 32 woonn(0) Ag woon(0) - —-Q—E+6%%8§£-)Toon(0) 7.
(6.20)
and find
_ 7 R dy
3y = [woon(®) ¥ - 1) | : (6.21)

0 [woon(0) §-¢11°

Evaluating this integral, taking just the imaginaries together with the

limit as § — = yieclds

B) ~ n Ag €1 [%pon(0) §-T1] { *0onn(0) - —Toon(®) } (6.22)
WOOZQ(O) Too(O) wOOn(O)

= Bl [Woon(0) ¥ - 1],

where Bi == Ag <y { ¥00nn(0) _ Toon(9) } ) (6.23)
woozn(O) Too(0) WOOn(O)

Equation (6.22) now provides a lower boundary condition for systems (6.7)
and (6.14).
Assuming (6.7) contains real cocfficients only (El is assumed real,

an assumption that may be justified a posteriori) we have
9, = B' woo(n). (6.24)

where Bi is defined in (6.23).
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Considcring the imaginary part of system (6.14) in the limit 1 —

we obtain

+ @Iil s (6.25)

l
o
(]

i
9
Zﬂln ——} o0 n-— o

By the form of ¢ in the far-field (as presented in DS) we require

i i
~ — (n+l
~ — (n+1) Bi, (6.26)
and therefore
i_ i
k2 = - Bln. (6.27)

We now consider the imaginary part of (6.14) evaluated at n =0

— i i i
"9 ¢1n|n=o ™2 Fon Inog T 000 2], = ¥ Too(®).(6.28)
Using the results
¢;n|n o = B ¥oon(0).
(6.29)
i .
9 =~ B! ¢y,
i,
we obtain
2
Ei =n2 & Ton(n=0) [ w (n=0) _ Topp(n=0) }_ (6.30)
2 W003n(n=0) woon(n=0)  Tpo(n=0)

Using the governing equations of motion we can simplify (6.30) to the form

zi o 2 272 Tpp2(0) woonn(0) (6.31)
2 4 .
woon (0)

Comparing this result with the adiabatic result, as obtained in DS,
we note that the first imaginary term in ¢ is an order in { larger for
heated/cooled wall conditions, implying larger growth rates in the present

case. The ratio of the leading-order imaginafy terms has the form
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Heated/Cooled cj _ 2 woonn(0) (6.32)
Adiabatic cj § woon(0) (1426 M2 (y-1)n]

We find, however, that altcring the wall conditions from adiabatic
conditions as treated by DS, to heated/cooled wall conditions, has little
significant effect on the asymptotic analysis for the mode I lower neutral

point for which a = 0({}).

§7. Conclusions

In this paper we have investigated the supersonic boundary-layer flow,
and the inviscid stability thereof, over axisymmetric bodies (with
particular emphasis on a long thin, straight circular cylinder) subject to
heated or cooled wall conditions.

The effect of wall cooling is, generally, seen to reduce the importance
of the ''first mode'' of inviscid instability, while the amplification rates
of the ''second mode'' of inviscid instability are increased. Therefore we
have agreement with the effect wall cooling has on planar boundary layers
(Mack (11), for example).

The converse effect is observed with wall heating. The amplification
rates of the ''first mode'' of instability increases, while wall-heating
causes the ''second mode'' of instability to be stabilized. Wall-heating
may also cause the formation of a second subsonic generalised inflexional
mode, which results in the appearance of an additional mode of instability,
not found in adiabatic or cooled-wall studies.

Asymptotic studies for large azimuthal wavenumbers and far downstream
distances reveal that the real part of the eigenvalue ¢ s non-unique
in both limits, suggesting that there exists an infinite number of discrete
possible values for the real part of ¢ in both these limits, although the

corresponding values of the imaginary part of ¢ are exceedingly small.
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